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Inverse amplitude method in 77 scattering in chiral perturbation theory to two loops
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The inverse amplitude method is used to unitarize the two-leapscattering amplitudes of SP) chiral
perturbation theory in the=0J=0,=1J=1, andl =2,J=0 channels. An error analysis in terms of the low
energy one-loop parametels, ;,and existing experimental data is undertaken. A comparison to standard

qguantified and the convergence of the expansion is discussed.
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I INTRODUCTION two-loop b’s have been suggested on the basis of this hy-

Th tion is th ticall f the cl ‘ pothesis at that scald5]. This causes the’s, independent
€ mm reaction is theoretically one ot the cleanest pro-;,, 1, incipie of the renormalization scheme, to have a spuri-

cesses in hadronic physics. This is because crossing, unitar- : L
. T . ous scale dependence. Since it is not really known what un-
ity, and analyticity impose severe constraints on the scatter-

ing amplitude[1]. Thus, a lot of attention has been paid to certainty should be assigned to this hypothesis, it has been

the study of this process and the determination of par,{ia?suggested to ascribe a 100% error on the contributions to the
wave phase shiftE2—10]. The current theoretical setup for 10V €nergy parameters determined by resonaptep _
such an approach is chiral perturbation the@#PT), which The numerical consideration of errors from ChPT requires
is an effective field theory embodying all these constraintst@king into account consistent sets of low energy parameters,

and leads to a perturbative expansion of the scattering partidoth I, ;34 and Hl 23456 deduced from several sources

wave amplitude in thél,J) isospin-spin channéi: [18—22. Moreover, there seem to be strong anticorrelations
betweenl; and |, in the light of the two-loopK,, analysis
t3(8)=t2(s)+tP(s) +t{S(s)+--. (1) [19,20. This point has been thoroughly discussed in a pre-

vious work by two of ug23] and we refer the reader to it for
Here the expansion parameter turns out to k&  further details. There, error propagation was undertaken in
Emi/(4wfﬁ)2~o_01 with m_=139.57 MeV the physical the form of a Monte Carlo simulation, instead of using para-

pion mass and ,=92.3 MeV the weak pion decay constant. Metric _statistics, by generating a synthetic set of primary
Hencet,(g) turns out to be proportional ta2". In the 7 data. The _ba5|c assumption is that primary quantities, i.e.,
scattering case, the chiral expansion generates a hierarchy 60Se obta|r21e_d either dlrecztly from experiment or from an
corrections which depend on an increasing number of dimercceptabley” fit, i.e., with ax” per degree of freedoDOF)
sionless and renormalization scale independent parametersl, aré Gauss distributed although perhaps with correla-
To lowest nontrivial orderLO, tree level current algebra tONs. In practice, the distributions are represented by a popu-

unique predictions for the scattering amplitud§®@(s) in  lation of finite but sufficiently large numbe(= 10°) of
terms off_ andm.. are generatefiL1]. At next-to-leading samples. The discussion in RE23] amounts to having three

tible sets of one-looF and two-loopg low energy
order (NLO, one loop four low energy parameters; ;3 4 compa R
determine the amplitud&?(s) [12,13. At next-to-next-to- parameter distributions deduced from several sources. They

. . (6) are summarized in Tables | and Il. For consistency, we keep
leading orderNNLO, two loops the amplitudetjy’(s) can  ha same notation of our previous work. Set Ic in HéB]

be expressed in terms of six parametbis s456[14,15.  corresponds t&,, decays, following the fits of Ref19] and
Unlike the one-loop parametets ;34 which can be fixed some statistical modeling designed to reproduce the frag-
from ChPT calculations confronted with experimental datamentary information given in th&;, analysis of Ref[19].

from several sources, the two-loop coefficiehts, 5 45 are ~ S€t Il corresponds to usirig waves as proposed in the two-
somewhat more difficult to fix directly from experiment 100p 77 scattering calculation in standard ChPT5]. Fi-
since the amount of data close enough to threshold is scarceally, set Ill denotes the values of the low energy parameters
Because of this problem and motivated by the success of tHebtained through Roy sum rules following the lines of Ref.
resonance saturation hypothesis at the one-loop level and at47]. We found in Ref[23] that the anticorrelations between
renormalization scalg =750+ 250 MeV[16], values for the 1, andl, persist in set Ill, although they are not very strong.
In the present work we discard sets la and Ib as somewhat

unrealistic. We also disregard set Il because it produces too

*Email address: jmnieves@ugr.es large errors as compared to sets Ic and Il

TEmail address: earriola@ugr.es Despite its great success, ChPT does not incorporate exact

e use the normalization such that the partial wave cross sectiodnitarity to a given order of the expansion and hence cannot
is o1;=(2J+1)(4m/s)|t;5(s)|?. See also Eq(2) below. account for resonances, in particular for thend o reso-
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TABLE I. One-loopl_lyzvsAIow energy parameters in ChPT for the parameter sets Ic, I, and Ill of Ref.
[23] as well as the correlation coefficient betwdgrandl ,. In the present paper we use only Sets Ic and III.

Set 1, 1, 13 1 r(11.0)

Ic (K, decays 03+12 4.77-0.45 2.9-2.4 4403 ~0.69
Il (D waves —0.8£4.8 45-1.1 2924 4.4-0.3 —0.75

Il (Roy sum rules —-0.9%£1.2 4.34:0.25 29-2.4 4.450.3 —0.22

nances which appear in the=1,J=1 andl=0J=0 chan- addition to those already present in standard ChPT. Further-
nels, respectively. To deal with this problem, several unitariimore, the IAM offers the possibility of systematic improve-
zation methods have been devised in the past in the conteRient according to the chiral expansion. Given the great suc-
of 7 scattering 24—3§ (for a recent and short review, see, C€SS of this unitarization method in several meson-meson
e.g., Ref[37]). In those methods, unitarity is restored in the 'eactions including up to one-loop corrections, it seems al-
different partial wave amplitudes, while crossing is violatedMOSt obvious to extend the calculation to tfie principle)
[30,34,40Q. In the complex energy plane this corresponds toMOre accurate description up to two loops. As we will show

exactly taking into account the unitarity right hand elastic CUtg\eltOWh Sufr? an extension is.not as tlrivilalt%sai)]ne rr]night think.
(s>4m?2) but to approximating the left hand cus<0). ctually, there was a previous calculall where an

Detailed quantitative studies reveal that the approximatio analysis of the 1AM for ChPT o two Joops was undertaken.

. Yhe conclusion was that the IAM is a well converged
used to take into account the left hand cut does not becom?cheme It is fair to say that no effort was made to assign

critical to describe phase shifts in the scattering region, but if, ,certainties in the low energy parameters, making it some-
may significantly influence the violation of crossing and the\ynat hard to decide not only on the convergence itself but
values of the low energy parameters. Thus, there is SOmMgso on the compatibility with standard ChPT.

confidence that unitarization methods can indeed be used to Recenﬂy, theoretical restrictions for tisavave Scattering
enlarge the domain of applicability of ChPT to the study of|engths have been obtained from an analysis of Roy equa-
intermediate energy hadronic reactions. Among these unitaions[41]. Unprecedented accuracy is obtained if, in addition
rization approaches the inverse amplitude mettid1) has  to the relativistic, crossing, and unitarity demands from local
been successfully applied to the description of meson-mesauantum field theory, chiral symmetry constraints and the
scattering, incorporating up to one-loop perturbative con-corresponding chiral expansion are implemented. The recent
straints. The original applications of the IAM involved dis- work [42] on matching the Roy equation analypid] to the
persion relation argument27,29, which became rather two-loop ChPT expansiofi4,15 has produced, using para-
cumbersome when incorporating coupled channels such dBetric statistics, the smallest error estimates for the low en-
KK in mm scattering. An algebraic derivation was soon €% parameters so far. Roy equations provide an extremely

found[32] to provide an almost trivial generalization to the elﬁ?{;ﬂt fég?ﬁgﬂ:i;%;”?éggg;ﬁ C;(;?S;Ega(fanl%tggt %?d
coupled channel case, and a complete one-loop analysis fﬁp Y ™ gy amp :

all meson-meson channels was carried out very recently IﬂqonIinear inhomogeneous integral equations is not autono-
. " . . ; ; ous but requires some high energy tails obtained from ex-
Ref.[33]. In addition to its very simple implementation from 9 9 9y

h hiral . h kes thi h eriment as input. In the low energy regime these so called
the standard chiral expansion, what makes this method pafyjying terms can be described as polynomials, whose coef-

ticularly attractive is the fact that no new constants arise ijcients can be mapped to the low energy parameters of

=16m2b; ; 3 4 andbs ¢=(1672)%bg 6. We also show explicitly the decompositibn=hb°+ Ab; referred to

in Eq. (19).

Set by b, bs b, bs bg

Ic -11.6'%¢ 11.2+1.8 -0.2+0.3 0.8+0.1 5732 2.6°%%
Il 13.2°23 12.4°17 —-0.4"53 0.74+0.06 1.6°3] 2.0°9%8
Set b] [ b3 [ b3 bg

Ic -9.1+2 8.2+1.7 0.3:0.3 0.66-0.07 5.7°332 26798
1] -10.7°3% 9.8+1.7 —0.16+0.40 0.58-0.04 1.6°3% 2.0°9%
Set Ab? AbY Ab3 Ab Ab? AbY
Ic —-2.4733 3.0+0.3 —-0.5"3% 0.19+0.04 0 0

1] —2.45% 2.6°0% —0.4+0.2 0.15°3%3 0 0
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ChPT in the common region of validity of the Roy equationsand also relevant for the present work, such as correlation
and ChPT. As a theoretical tool, the Roy equations cannot bmatrices of both low energy constants and threshold param-
solved by unitarization methods since the latter violate crosseters.

ing to some extent. On the other hand, the Roy equations

have not been generalized yet to other processes differenti. CHIRAL PERTURBATION THEORY TO TWO LOOPS

from mrr scattering and require a knowledge of high energy AND UNITARITY VIOLATIONS

data which may not always be available or accurate endugh.
Taking this fact into account and the time elapsed since the
original work [1] and the recent updatet1], it would be Lett;;(s) be the partial wave scattering amplitude for the
desirable for Roy equation techniques to become a daily todieactionm— mar at the center of masg.m) energyy/s in

in hadronic physics, but it seems unlikely. In contrast, unitathe 1J isospin-spin channel:

A. Basic definitions

rization methods based on ChPT require in principle no more Q26509 _ 1
work than ChPT itself, which works well in the threshold t)5(S)= ——— 2)
region, but they are able to describe, in addition, resonance 2io(s)

physics and have been successfully applied to a variety q/fv _
; DA : ith o(s)=y1—4m?/s the c.m. momentum and;(s) the
problems. Because of this the unitarizationmaf scattering correséo)nding phase shifts. Two-particle uni{;(riti/ corre-

amplitudes using the IAM provides a model case where w onds to reab,;(s) and can be written as a nonlinear rela-
can learn about the virtues and drawbacks of the method anthn in the amplitude:

also its convergence properties.
In the present work we study the IAM of unitarization of Imt;;(s)=a(s)|t(s)|? 3)

the two-loop ChPT amplitudes including a detailed error

analysis based on the presently available information on ther. €quivalently, as a linear relation in the inverse amplitude

low energy parameters obtained from ChPT. By pursuing Imt4(s)= — o(s) 4)

such a calculation we want to answer the question of whether 1 '

or not low energy information plus unitarization reproducesgor a7 scattering amplitude calculated in the chiral expan-

the data beyond the domain of applicability of standardsion sketched in Eq1), the lowest order amplitudg?)(s) is

clear how to avoid the unavoidable and prejudiced choice Oﬁigher waves. The NLO amplitudefg‘)(s) develops an

a particular unitarization method. Moreover, given the unitajmaginary part forS and P waves but becomes real f&r

higher orders in the expansion. Our only hint so far is torequires, at a perturbative level, the set of relations
compare successive orders in the scattering phase shifts with

their corresponding error bars and determine whether or not Imt{3(s)=0, 5
practical convergence requirements are met. We do this " ) )
analysis using sets Ic and Ill of one- and two-loop low en- Imt{3(s)=o(s)|t{T(s)|?, (6)

previous work[23. Imt{$'(s) =20 (s)t|7(s)Ret|3(s). (7)

The paper is structured as follows. In Sec. Il we providegyanqarg ChPT satisfies exact crossing symmetry at any or-
some basic definitions in order to fix notation. We also estiyer of the expansion, but violates unitarity. Two aspects are
mate unitarity violations and the failure of a perturbative g|ated to this violation. In the first place, a necessary condi-
definition of phase shifts to describe the data in the regioRjon for unitarity is the satisfaction of the inequality
above threshold. In Sec. lll we analyze the IAM phase-shift
predictions as well as the corresponding threshold param- a(s)|ti(s)|=[sind5(s)[<1. (8
eters, together with estimates of the amount of crossing vio-_, . L , I
lations in terms of Roskies sum rulg38,39, inherent to any This unitarity limit y_|elds vaIu_es .OB sfhghFIy too high: A
unitarization method. Motivated by previous experiences, wi etter way to quantify the unitarity violation is by defining
believe that such crossing violations can be amended b ge quantity

g y

suitable generalization of the IAM. This point is analyzed in Uy(s)=|1+2io(s)t,5(s)]. (9)

Sec. lll E. Although there has been some work on the one-

loop IAM of unitarization, we present in Sec. IV an updatedBelow the two-pion production thresholdy/s=4m_

analysis from the point of view of the convergence of the~560 MeV, the elastic unitarity condition requirés;(s)

expansion for the unitarized phase shifts. Finally, we draw

our main conclusions in Sec. V. In the Appendix we provide

some information not presented in our previous pdR&} 3For instance, for the isoscal&® wave one gets the inequality
satisfied at LO in the range<4\/xf, ~660 MeV. We will show
below that unitarity violations take place at significantly lower en-

2See, however, the recent work arN scattering{43]. ergies.
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=|e#00)|=1. Strictly speaking, if unitarity is violated, From the formulas above, direct application of ChPT re-
U,;(s)#1, there is no way other than perturbation theory forquires a scrupulous separation between different chiral or-
a real phase shift to satisfy simultaneously Ef.and Eq.  ders. As we have already mentioned above, the NLO ampli-
(2). Expanding Eq.(2) according to Eq.1), the standard tudes t(‘”(s) depend linearly on four dimensionless

ChPT phase shift may be computed, yielding parameters  , ;. These parameters are supposed to be in-
dependent of . andm,, and therefore they are zeroth order
ChPT(S)— 5rIN[1+2io(s)t)5(s)] in the chiral expansion Finally, at NNLO the amplitude can
2i be expressed in terms of six independent parameters
oSt (s)+a(s)[tP(s)—ia(s)t{P(s)?] b1,2,3,4,5,e As was shown in the original two-loop calculation
work[14,15 theseb coefficients contain a zeroth order piece
+a()[t[P(s) - 2i ()T (9)1[T(s) and a second order piece:
—50(9%P(9)°]++ . (10 by=bP+ Ab. (19

The elastic unitarity condition correspondsdg™™(s) being
real, which is automatically satisfied if the perturbative uni-
tarity relations, Eq(7), are used, and one effectively gets

This makes the separation somewhat subtle because, when
substituted into Eq(1), an unwanted eighth order correction
is induced. From the point of view of ChPT this contribution

ChPT (2) (4) has to be dropped since the complete eighth order calculation
(8)=c(s)t(s) T o(s)Ret;(s) is not available. On the other hand, these higher order cor-
+o(s)[RetS(s)+20(s)%t|2(s)°]+- . rections are numerically small as can be deduced from Table
(12
Close to threshold, the scattering amplitude can be written B. Numerical results
in terms of the threshold parameters, scattering lengths The c.m. energy dependent figures with error bars pre-
and sloped,;, defined by sented in this work are generated as follows. If we have an

energy dependent functiofR in terms of a set of random
parametersd;,...,a,), distributed according to some statis-
12 fical law, a random variable for any fixed value of
F(s;a;,...,a,) is generated. Obviously, for a nonlinear pa-
rameter dependent function the mean value of the curve is
not equal to the function of the mean values,
(F(s;aq,...,an))#F(s;(ay),...{an)). There is nothing
yWrong with this and one could simply bin the distributions
for any fixed s value. Nevertheless, to make the results
slightly more useful we wish to quote such a function of the
mean valuesF(s;{(a;),...{a,)), as our central curves. To
assign an upper and lower error kghre distribution may in
general be asymmetjicelative to this central value, we bin
t,(JZ)(sﬂf))zo, (14) the distribution and first echL_Jde_ the_ 16% top valu_es_ and_the
16% bottom values of the distribution. The remaining bins
comprise 68% of the distribution values; the distances from
the upper and lower values to our central value provide the
upper and lower error bars, respectively. Evidently, our
bands correspond to a 68% confidence level. This procedure

t;5(s)=2m,(s/4A—m?)[a;+ b,y (s/4A—mZ)+---].

The scattering amplitudes;(s) present kinematical zeros of
orderJ ats:4mfr. Chiral symmetry implies the existence of
dynamical zeros for th& waves, named chiral or Adler ze-
ros. In ChPT, Adler zeros may be determined perturbativel
ie.,

tia(sa) =t (s +tF (s +tF s+ (13

Expanding the solutiosy= s+ s +s®+---, we gef

sW=—t{P (st (sP)’, (15)

s =~ (st ()’

t(“')(s(Z)) t4(s2) of assigning errors fails for extremely asymmetric distribu-
el M 2A (16)  tions, such that the central value turns out to be within the
[t37(sa”)"] discarded upper or lower 16% intervals. Although we find

that this situation seldom occurs in our calculation, in such a

At lowest order, nonkinematical zeros are located at case we proceed in a different way. We first discard the 16%

P—1m2 =0 J=0 17 upper and lower intervals and then compute the arithmetic
A2 ’ ' mean, which we assign as the central value. To control the
2) 2 quality of this second definition of central value, we compute

sy’ =2m., 1=2, J=0. (18

SPractical calculations require, however, a truncation of the chiral
“For a general function there would be a term involving the sec-expansion and confrontation with experimental data, and hence
ond derivative ot(?) . This term disappears from the formulas since some higher order systematic uncertainties remain in the one-loop
t? is a linear function ok. parameters in addition to the experimental uncertainties.
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FIG. 1. Unitarity condition for standard NNLO ChPT amplitudes 4mr scattering forS and P waves defined byU;(s)=|1

+2ia(s)t)3(s)|. Upper panels: Set Ic of Re23]. Lower panels: Set Ill of Ref23]. In the calculation the parametd?%defined in Eq(19)
and given in Table Il have been used. The unitarity condition requifeés) = 1.

both definitions whenever possible, and find that the differ- The partialS and P-wave amplitudes in the unphysical
ences are numerically less significant than the error bars. region below threshold and above the left cut @<4m?,
The results for the unitarity conditidd ;(s) as defined in  are depicted in Fig. 5. In this region partial wave amplitudes
Eq. (9), can be seen in Figs. 1 and 2 in terms of Ei?eand are real and present real single zeros. The single zerm%;t 4
b;=b%+ Ab; coefficients, respectively, and for the parametern the P wave is of kinematical origin as can be seen from

sets Ic and IIl. As we see, standard ChPT violates unitarity ifFd- (12- However, zeros in th& waves are dynamical con-

a systematic manner well below the resonance region inclugg®duences of chiral symmetry. As we see, the agreement be-
ing uncertainties for set Ic. For set IIl only tiewave ex- Ween the parameter sets Ic and Il is very good within un-

hibits this behavior, due to large uncertainties in Swave certainties. The two-loop location of Adler zeros with error
unitarity violation. The perturbatively defined phase shifts,eStimates is given in Table Ill. The additive structure of the
5chhPT(S) as given by Eq(10) can be seen in Figs. 3 and 4 in ChPT amplitude makes a numerically small distinction in the

& N T T AT :
terms of theb® andb,=b+ Ab, coefficients, respectively, SEParationd;=bi+Ab;. As we see, the isotensGwave

and for the parameter sets Ic and Ill. As we see from thephlral zero does not move within uncertainties from its tree-
figures, the perturbatively defined phase shifts seem compat- . )
ible with experimental data whenever the corresponding uni- TABLE Il Nonkinematical Adler zeros fo§wavel =0 and 2

. e . e . . amplitudes for ChPT and the parameter sets Ic and Ill of R&].
tarity condition is compatible within uncertainties with elas- - e
tic unitarity. Let us recall that threshold parameters for set IIIWe also indicate the phase'smﬂ figures that correspond to these

o S . zeros. Errors are given in parentheses.

have uncertainties similar to or slightly smaller than set Ic

[23]. This also holds for higher energies but there appear 2 _ _
some systematic discrepancies with the data, slightly favor- S /My (1.5=(00) (.9)=(29
ing Set Ill. ChPT Ic Fig. 2 0.38%) 2.035)
Threshold parameters for sets Ic and 1l at the two-loop  ChPT Il Fig. 2 0.436) 2.005)
level were computed in our previous wo[R3]. There, a ChPT Ic Fig. 4 0.386) 2.035)
separation of the tree-level, one-loop, and two-loop contribu-  ChPT Il Fig. 4 0.436) 2.0005)

tions with their corresponding error estimates was presented
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‘(=00 S B lﬂ” 1 t=eo M”
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FIG. 2. Unitarity condition for standard NNLO ChPT amplitudes 4nr scattering forS and P waves defined byJ,;(s)=|1

+2ia(s)t;;(s)|. Upper panels: Set Ic of R€f23]. Lower panels: Set Il of Ref23]. In the calculation the parametdysdefined in Eq(19)
and given in Table Il have been used. The unitarity condition requirgts) = 1.

level value of Eq.(18) for either set Ic, or set Ill. For the waves a three-loop calculation would be needed. Since such

parameter set I, the two-loop shift of tf®#wave isoscalar a calculation has not yet been done, we will restrict ourselves

Adler zero also almost does not move. Nevertheless, for pao S and P waves in the present work. The structure of Eq.

rameter set Ic there is a systematic shift of about 20%. (20) makes it possible to have poles in the second Riemann
sheet, i.e., zeros df 1(s), but this is done at the expense of

IIl. INVERSE AMPLITUDE METHOD TO TWO LOOPS some fine-tuning between several orders. Actually, the IAM

AND PERTURBATIVE MATCHING assumes that the inverse amplitudig;{$) is small, which is
_ e particularly true in the neighborhood of a resonance.
A. Algebraic derivation

The idea of the method is quite simple and we review it B. Inverse amplitude method phase shifts

here for the sake of completeness. If, instead of expanding The best way to quantify the goodness of a unitarization
the amplitude, one considers the inverse amplitude and eX%cheme such as the IAM is to check whether or not the
pands according to the chiral expansi@ssumingt{3’(s)  information contained in the low energy parameters, in con-

#0], one gets junction with the unitarized amplitude given by E®O),
1 predicts within acceptable errors the phase shifts in the re-
:a(s)cotalﬁ\'v'(s)—ia(s) gion above the threshold. To proceed further we.have to fix
t5(s) in some way our sets of parameters. An alternative, and ac-

tually complementary, point of view is to make a direct fit to
the data. Unfortunately, this involves a ten-parameter fit, and
moreover there are some parameters, like for instﬁ]wd
(20) I_4, for which 77 scattering is not very sensitive. Actually, as
was recognized in Ref42], there are two kinds of low en-
One may check that the unitarity relation Hg) is exactly ~ €rgy parameters according to the properties of the corre-
preserved because of the perturbative relations of (Bg. sponding terms in the partial wave amplitudes: Class A,

Note that a direct application of the IAM including up to two terms that survive in the chiral limit, comprisirg, I,, rs,
loops can unitarize only and P waves. To unitarizeD  andryg;

tiy(s9? (s
ti9(s)° t3(s)?

1t
t3(s) ti3'(s)?
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FIG. 3. Standard NNLO ChPT phase shifits degreesfor 7 scattering forSandP waves after Eq(10). Upper panels: Set Ic of Ref.

[23]. Lower panels: Set Il of Refl.23]. In the calculation the paramete@ defined in Eq.(19) and given in Table Il have been used.
Combined data from Ref$2—-10|.

and class B, symmetry breaking terms corresponding to thproceed now in a different manner. We consider sets Ic and
remaining low energy parametdrs, |4, rq, r,, r3, andr,. Il of Ref. [23] for both the one-loop; parameters and the

Ther; parameters determine the pure two-loop contributionzeroth order two-loop parameteﬁf’ as explicitly given in

to the amplitude. On the basis that chiral symmetry breakingne Appendix of Ref[15]. The results are shown in Fig. 7.

is a small effect, we expect a higher sensitivity of the scatalthough in theSwaves there are no big differences as com-

tering data to variations of the class A parameters. pared to Fig. 6, in the channel the effect at intermediate

energies not only makes the predicted phase shifts compat-

ible with data but also the error bars are substantially re-
The simplest and most direct way to look at the quantita-duced.

tive predictions of the IAM is to take the unitarized ampli-

tude Eq.(20) for all partial waves and propagate the errors in 3 Partial fit scheme

1. Naive scheme

. . 12,3,4,5, The results of the two previous schemes suggest that
spectively. As we have already pointed out, this may be a ' . X ; . )
. . some fine-tuning mechanism is needed, since the large dif-

dangerous procedure since the two-loop parameters contain a

higher order piece, but one might argue that, since the nu€rence betweenhthlem is dul? t? eithl_er_ conrs]idering:)élp?-
merical effect on thé’s should be smal(see Table I, one rameters as a whole or explicitly splitting them as diflerent

. — 70 — . L
might expect an overall small effect anyhow. Along thesePrders, according td;=b;+Ab; . This fact seems to indi-
lines, we present in Fig. 6 the results obtained by using th&ate that their numerical values may be constrained o a large
parameter sets Ic and Il of Re23]. As can be seen from extent by performing &~ fit. As we have mentioned above

the figures, the errors are huge and there is even a trend BiS involves ten parameters. Another possibility might be to
discrepancy in the channel for set IIl. make selective fits in some subsets of parameters and propa-

gate the errors in the remaining ones. After trying out several
combinations, we have found that, indeed, the low energy
parameters of class A, i.e., those not vanishing in the chiral

Having realized the dangers of making a naive Montelimit, are enough for a satisfactory fit to the data. In practice,
Carlo error propagation from the analysis of R3], we  the procedure is as follows. For either set Ic or set Ill, we

2. Monte Carlo scheme
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FIG. 4. Standard NNLO ChPT phase shifits degreesfor 7 scattering forSandP waves after Eq(10). Upper panels: Set Ic of Ref.

[23]. Lower panels: Set Il of Ref23]. In the calculation the parametebs defined in Eq.(19) and given in Table Il have been used.
Combined data from Ref$2—10].

generate a sufficiently large samplld=10" proves large addition, we obtain the correlation coefficiem(l;,I,)
enough of class B parameters, i.e., those corresponding tq_ 0.22. There are no set Ic and set Il labels beceﬂmd

chiral symmetry breaking terms in ther scattering ampli- 1, which provide this label, are determined from the fit.

tudes. For any member of the class B parameter populatione:§ th cl A and cl 5 " ibute 1o the total
x? fit of class A parameters is performed. This procedur oth class A and class b parameters contribute 1o the tota

ields distributi forl.. ] q errors. The errors corresponding to fittedass A low en-
yields distributions forly, 1, I's, andre parameters, ... narameters can be determined by employing the stan-

whence straightforward error analysis may Ee undertakerhard procedure of changing thé from its minimal value by
The choice of these parameters rather thanktsehas the  gne unit. We find that they are rather small, so the quoted
advantage that the separatimn:Bio+ Ab; may be explicity  errors in Eq.(21) are dominated by the uncertainties in the
done within the fitting procedure, and hence a correct bookelass B low energy parameters and the scale at which reso-
keeping of chiral orders in the inverse amplitude is imple-nance saturation is assumeds 750+ 250 MeV.

mented. The result of the fitSs As we see, the resulting values of the fitted parameters,
L . particularlyl; andl,, are very much in agreement with the
l,=-0.14"3%, 1,=4.4+0.1, standard ChPT estimates of REZ3]. It is also interesting to
note that the values af; andrg are consistent within error
10°r5=1.07"93L  10frg=-0.35"0% bars with those assumed from resonance saturation provided

(21)  With 100% uncertainty as suggested in Réf7]. Transform-

ing these values intb parameters, we get
which producesy? / DOF of 69.9/(674)=1.11, a rather _ o — , — 0.20
satisfactory value as can also be clearly seen in Fig. 8. In b= —12.1f§j2, bzzll.Sfijo, bs=—0.29'757,

b,=0.75+0.02, bg=3.14"322, be=0.55"2eS.
SWe apply the following energy cuts and scattering data. For the (22

isoscalarS wave we cut atys=610MeV the data of Refs2 .
—4,6—§. For the isotensoB wave we cut at 970 MeV the data of 1Ne€se numbers have been constructed by adding the result-

Refs.[9,5]. For the isovectoP wave we cut at 1 GeV. ing E) to the second ordeﬁE contribution, although both
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FIG. 5. SandP partial wave amplitude$,;(s)= yst;;(s) (in fm) for « scattering in standard ChPT to two loops in the unphysical
region O<s<4m?. Upper panels: Set Ic of Ref23]. Lower panels: Set Ill of Ref23]. Normalization is such that a=4m? one has the
scattering length for th& waves. In the scattering regios}4mi) this figure corresponds to Fig. 3.

contributions enter the fit in a nonadditive way. As we seescription of the data in the scattering region, it can still do so

the resulting values agree with those expected from standamlith low energy constant$LEC’s) that differ from those

ChPT analyses within uncertainties, with the sole exceptioxpected in standard ChPT. The precise numerical values of

of bg, which turns out to be inconsistent. The reason is thathe LEC’s depend on how the left hand cut is handled and

the corresponding value fog comes out with exactly oppo- approximated before and after unitarization. On the other

site sign to that expected in resonance saturation. hand, a proper left hand cut is a direct consequence of cross-
Finally, we present in Fig. 9 the IAM unitarized part  ing symmetry in thes,t,urepresentation. It is therefore inter-

$4m727 using the Monte Carlo scheme for both sets Ic andPasis. A pe_lrticular way of doing t_his at the level of partial

lll. Obviously, the kinematical zero of th® wave ats Wave amplitudes is by using Roskies sum ryiés,39. Two

— 4m? remains fixed. On the other hand. the nonkinematicamethc’ds at least have been introduced in the literature to

Adler zeros of th@wéve amplitudes do n’ot move from their characterize crossing violations in a quantitative way. Defin-

lowest order locations given by E¢L8) but become higher ing the quantities introduced in R¢80],

order zeros, as can be observed from the figures in the small a2

bumps around the zeros, and analytically in E2p). Al- C1:J 7ds(4m?2 —s)(3s—4m2)[tooS) + 2too(S) ],

though this effect is undesirable, we see that from a direct 0

comparison of the standard ChPT amplitudes of Fig. 5 with (23)

the IAM unitarized ones of Fig. 9 one may conclude that the

violation of the order of the nonkinematical zero does not am?

have dramatic quantitative consequences. C,= fo 1’ds(4me—s)[2t00(s)—5t20(s)],

C. Crossing violations

As we have said, the IAM restores unitarity but violates C.= f“'mid A2 — $)(35— AM2) 2tai(S) — 5ton(S
crossing symmetry. The interesting point is that although 2 st(4mz = s)( 7 2todS) ~Stad(S)]
unitarization, which has to do with the right hand cut, may 5 )

provide a satisfactory energy dependence and hence a de- +9(4m7—s)t14(s)},
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Co= fo4mid5{(4mi_ $)S7[ 2tool(S) — 5tao(S)] Bo=-2 f:mids(s_ 4m?)(3s—4m2)tyd(s),

+3(4m2 —s)%ty4(s)},

? As= f04mids<s—4mi)<3s—4mi>too<s>,
Cs= fo "ds{(4m2—s)?8?[ 2toy(S) — 5too(S)]

2 \2 2 2
+3(4mﬂ. S) (8mﬂ_ 3S)St11(5)}. 83:2f04mwds(s_4mi)2tll(s)’
These relations can be written in the general form
4I’T'I2 4mi 2 2
=J "dsY, wyi(S)t(S). (24) Ag= . ds(s—4m?7)(3s—4m?7){2to(s) — 5tao(s)},
0 13 '
Crossing symmetry implie€; =0. We also consider the defi- a2
nitions introduced in Refl40]: B4=9f "ds(s—4m?)%ty4(s),
0
4m2 2
A1:2 7Tds(3_4|’T]77_)t00(s), (25) )
0
Ag= f4m”ds<s—4mi)(1052—3zsnﬁ+ 16m?)
0
4mi 2
B1=5 . ds(s—4m7)tyo(s), X{2toy(S) — 5taq(S)},
am? 2 2 am’ 242 2
A,= "ds(s—4m:)(3s—4m:)toy(S), Bs=-6 Tds(s—4m:,)“(5s—4m:)t14(S),
0 0
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2
Ag= f Mg s(s— 4m2)(35s3— 180s2m?2 + 2405 nt — 64m°)
0

X{2tgo(S) — 5t}

2
Bg= 15f4m”ds(s—4mf;)2(2152— 48snt.+ 16m?)t;q(s).
0

Crossing symmetry implies in this cade—B;=0 fori from
1 to 6. Formally, if the unitarized amplitudes embody ChPT
to some order, these sum rules will be identically verified to

the same order. In previous work, the numerical satisfaction
of the sum rules has been tested to one and two loops, but no
error estimates have been taken into account. Because of
this, somead hoc dimensionless crossing violations have
been defined30,40. In Refs.[30,34 the ratio
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FIG. 8. IAM unitarized phase shifién degreesfor 7 scattering forlSandP waves. Partial fit schem@ee main tejt There are no set

Ic and set lll labels becaust_@ andl ,, which provide this label, are determined from the fit. Combined data from Ref8]. Uncertainties
in the curves stem from those of class B parameters and the scale for which resonance saturation is assts@ed250 MeV.
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V.= 100% | 2By
! A+ B;

fo“m’*dsg w1 1()t1y(S) 27)

2
4m

J ds
0

is introduced, whereas in Ref{40] the violation

R = 100X

(26)

is defined. The advantage of providing error bars to the
crossing sum rule€;=0 or A;—B;=0 is obvious; the di-

mensionless quantity is naturally defined as the size of the
uncertainty relative to the mean value. This allows one to
make a definite statement on crossing violations in terms of

% w5i(S)t)5(s)

TABLE IV. Roskies sum rule violations in percentages as defined byZg.and introduced in Ref40]
for the IAM method and the parameter sets Ic and Il of R28]. We also indicate the phase-shift figures
that generate these violations

IAM Vv, v, Vs Vv, Vs Ve
Set Ic naive. Figure 6 0.9°3¢ 0.9°%¢ 0.9"58 0.4"3% 3372 675
Set IIl naive. Figure 6 0.3792 0.479% 0.4°9% 0.15°9%7 1449 272z

Set Ic non-naive Figure 7 0.704 0.7°3¢8 0.9°38 0.5"33 22"28 411

Set Ill non-naive. Figure 7 0.3°9% 0.3°93 0.4"3% 0.2%3 9r 610

Fit of Figure 8 0.5°33 0.5°33 0.5"3¢ 0.3"33 12432 7+a

"We use specifically the formula proposed in H&#] since it is unambiguous. The formula of REZ0] is misleading, probably due to a

misprint.
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TABLE V. Sum rule violations in percentages as defined by @6) and introduced in Ref$30,34] for
the IAM and the parameter sets Ic and Il of Rg#3]. We also indicate the phase-shift figures that generate
these violations

IAM R R, Rs R, Rs

Set Ic naive. Figure 6 1.259 -0.9°9% 0.9°9%8 0.03"9%2 -0.053%

Set Il naive. Figure 6 0.5°9% -0.397 0.373% —-0.07°5%8 —-0.02°5%
Set Ic non-naive. Figure 7 0.9"37 -0.7 32 1.0°59 0.1792 0.08°3%
Set lll non-naive. Figure 7 0497  —0.391 04798 0.06'$2 0.04792
Fit of Figure 8 0.6°38 -0.5°932 0.6°3¢ 0.06" 1 0.01°53

statistical uncertainties. Nevertheless, we quote in Tables I\Wnitarized ones is actually very small. Our results for the
and V theV; andR; values of Ref[40] and Refs[30,34, two-loop IAM threshold parameters are presented in Table
respectively, since they give an idea of how large these arg|. The fact that ChPT and ChPentries in the table are the
violations in percentage terms. - same within errors is not accidental; it merely reflects the
. As can pe inferred from Table IV, crossing v_|olat|ons as 4 qditive combinationE=E°+AE and the smallness of
introduced n Ref[40] do not seem to be dra_m.a.tlcally large, ?bi . Amore detailed table containing the explicit separation
although this depends on their particular definition. The mos .
serious violations appear in thé; rule, which combines Iy} tree—l_evel, one-loop, and two—I(_)op contributions as well_as
68% ellipses of th&wave scattering lengths can be found in

both isospinrS-wave channels and tHiewave. The computed
uncertainties provide a less pessimistic impression, since iﬁef' [23]. In general we see that the 1AM threshold param-

some cases these violations are compatible with zero. Moré€'S aré compatible within errors with the ChPT ones. The
over, if the crossing violation definition of Reff30,34 is  Only exception is the slopk,, in the p channel for the two
evaluated we see from Table V that these sum rules are bettdonte Carlo schemes. The partial fit scheme provides com-
satisfied. The effect of uncertainties on the violations hagatiblea;; andb,; values with slightly better accuracy.

been overlooked in previous wofB0,31]. Nevertheless, we

point out that generally speaking there are systematic, though E. Generalized inverse amplitude method

small, crossing violations. In the partial fit scheme corre- The Roskies sum rules provide a set of necessary condi-
sponding to Fig. 8 the crossing violations defined in Refs.. f . tri ttering amplitude. It
[30,34] are compatible with values smaller than 0.1%. tions for a crossing symmetrienr Sca 9 putude. Tt
has been noted that the IAM transforms the nonkinematical
single zeros of the partial wave amplitudes into
D. Threshold parameters (N+1)-order zeros of the IAM unitarized amplitudés pe-

The chiral expansion is expected to work best at low ening the order of the chiral expansidsee the denominators
ergies. But even so threshold parameters such as scatterihtjjz)(s)]N+l of Eqg. (20)). Since the integrals involve the
lengthsa,; and effective rangel,; defined by Eq(12) turn  interval Osss4m37 between the right and left hand cuts,
out to get corrections at each order of the expansion. Theéhese higher order zeros clearly influence the satisfaction of
IAM is constructed to reproduce ChPT at all energies but inthe crossing sum rules. However, there is no unique way to
the lowest orders of theﬂi expansion. Thus, if we go to the modify the chiral zero behavior in order to achieve a better
threshold region we do not exactly reproduce the standardatisfaction of crossing. To overcome this difficulty, several
ChPT behavior. Nevertheless, as can be seen from the figur@deresting methods have been proposed, effectively rectify-
the difference between the standard ChPT amplitudes and tlieg the amplitude behavior in the unphysical region, al-

TABLE VI. Scattering lengths,; and slope®,; defined by Eq(12) for the IAM and the parameter sets
Ic and Il of Ref.[23]. We also indicate the phase-shift figures that correspond to these threshold parameters.

QoM bOOm?r 10311”‘?7 10b11m§7 10ayom, 1(1320mf,
ChPT Ic Fig. 2 0.21%b) 0.271) 0.3711) 0.061) —0.421) —0.762)
ChPT Il Fig. 2 0.20806) 0.251) 0.3748) 0.0537) —0.441) —0.802)
ChPT Ic Fig. 4 0.21%) 0.271) 0.371) 0.061) —0.421) -0.762)
ChPT Ill Fig. 4 0.2086) 0.251) 0.3748) 0.0537) —0.441) —0.802)
IAM Ic Fig. 6 0.2207) 0.302) 0.378) 0.0486) ~0.421)  -0.762)
IAM Il Fig. 6 0.211(8) 0.272) 0.376) 0.0445) —0.441) —0.802)
IAM Ic Fig. 7 0.221(8) 0.292) 0.391) 0.0721) -0.421)  -0.762)
IAM 11l Fig. 7 0.213(8) 0.272) 0.3819) 0.0641) —0.441)  -0.802)
Fit of Fig. 8 0.2165) 0.28Q7) 0.3766) 0.0585) —0.431) —-0.791)
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TABLE VII. Roskies sum rules violations in percentages as defined by(Z&g.and introduced in Ref.
[40] for the generalized IAM of Ref.34] and the parameter sets Ic and Il of REZ3].

Generalized 1AM Vi, Vs, V3 V, Vs Ve
Set Ic naive —-0.06" 512 0.6"3% 0.01° 3% -0.023% 143 6’
Set IIl naive 0.02°3%1 0.06"3%2 0.0173%2 -0.0273%; 87  2f%

Set Ic non-naive -0.331 -0.09393  -0.0455 0.02°3% 173 243

Set Ill non-naive ~ —0.3"9% —-0.060%  —0.01730%4 0.02°9%° 1°2 2*2

though one should say that none of them is entirely satisfagsegatives= — A? value (A>=0.5—-0.6 GeV¥) and a constant
tory from the point of view of the mathematical properties yp to s= —o. This procedure has the disadvantage of intro-
that one wants to impose priori on the amplitude. In Ref.  ducing a new variabléthe cutoff A) into the problem not
[30] (scheme Il of that work use of a dispersion relation has present in the ChPT amplitude. In addition, it does not take
been suggested for the inverse amplituggs) . In this  the shift in the nonkinematical chiral zeros into account, and
way, not only the unitarity cut but also the position of the imposes the tree-level ones. More recently, in R8#] a
single chiral zero, which becomes a single pole for the ingeneralized IAM to two loops was proposed.sf is the
verse amplitude, may be enforced from the beginning. Thehiral Adler zero to lowest ordeff)(so)zo then the follow-
left hand cut is assumed to be that of ChPT up to a certaiing expression for the inverse amplitude is suggefBt

ti2(s)—t{7(s) +1{7()2t{2(s) — {3 (s) + 2t (se) [ 1~ 1T ()17 (8) ]+ 2t(5(50) + 11T (50) X113 ()

t-1(g)= 28
9= (709 + 13 (50) + 13 (50) 29
|
This expression violates exact unitarity since considered. Using the two definitions of crossing violations
given by Eqgs.(26) and (27) suggested in Ref$30,34 and
t12)(s)2+2t(P(s)t{?(5) [40], we show in Tables VIl and VIII, respectively, that this

Imt;;i(s)=—o(s 9 P . L
13°(S) ( [t (2)(s)+t<4)(so)+t‘6)(so)]2 (29 is indeed 'Fhe case, provided uncertainties in the parameters
are taken into account.
and, in addition, has a single zero at the lowest order ap-
proximation of the chiral zero. The slope coincides with the v CONVERGENCE OF THE INVERSE AMPLITUDE

one obtained in ChPT as can be seen from the formula METHOD
t,5(s)= [t<2>(50)'+t§31)(50)' +tf§3)(so)’](s—so) _ The IAM can be s_ystematically implemented to any order
in the chiral expansion with no additional LEC’s other than
+0[(s—50)°]. (30 those required by standard ChPT. There arises the question

as to what extent this method is convergent. To answer this
In the limit t{3)(so) +t{$(so) — 0 in Eq.(28) the generalized question in practice we can only compare one-loop and two
IAM of Ref. [34] reduces to the standard IAM of ERO)  loop predictions for the unitarized phase shifts. Such a com-
and also unitarity is exactly satisfied. In practice, both theparison makes sense only if errors in the LEC’s are also
unitarity violations and the absence of a shift for nonkine-transported, as we have repeatedly done throughout this
matical zeros are numerically small. It was shown in Ref.work. Actually, in Ref[29] the one-loop error analysis of the
[34] that the generalized IAM improves the satisfaction of IAM phase shifts was estimated by varying the low energy
the Roskies sum rules, but no uncertainty estimates wereonstants. In this section we reanalyze this question by using

TABLE VIII. Sum rule violations in percentages as defined by &) and introduced in Ref$30,34]
for the generalized IAM of Ref.34] and the parameter sets Ic and Il of REZ3].

Generalized 1AM R, R, R3 R4 Rs

Set Ic naive 0.08" 353 —-0.06" 57 -0.04°5% —-0.06" 553 —-0.05"' 553
Set Il naive 0.08'5:%2 0.0291 -0.05'5%  -0035%  -0.0045%
Set Ic non-naive —-0.117982 -0.3791 0.03°3%9 -0.12°9%2 -0.279%

Set IIl non-naive -0.08°05; -0.3°31 0.04°339 -0.10°9%3 —-0.2"32
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FIG. 10. Unitarity condition for standard NLO ChPT amplitudes 4nr scattering forS and P waves defined byU;(s)=|1

+2ia(s)t;;(s)|. Upper panels: Set Ic of Reff23]. Lower panels: Set Ill of Ref.23]. The unitarity condition required;(s) = 1.

the updated values of the one-loop coefficients given by setdition Eq.(9) gives us a good idea about the applicability of
Ic and Ill taking into account by means of a Monte Carlo standard ChPT to one- and two-loop approximations. Never-
simulation the important anticorrelations betwdgrand1,  theless, the agreement of the perturbative phase shifts Eq.
determined in Ref[23]. Following the same systematics as (10) with experiment seems to extend up to a region where
in the two-loop calculation, we show in Fig. 10 the unitarity the unitarity violation may be as large as 10-20 %.
condition of Eq.(9). As one would expect, unitarity viola-  The one-loop IAM phase shifts are depicted in Fig. 12.
tions of one-loop ChPT occurr at lower energies. The NLOClearly, the general picture provided by NLO ChPT looks
ChPT phase shifts defined through Efj0) are depicted in Petter than that obtained by comparing either of the two
Fig. 11. The general trend follows a similar pattern to theMonte Carlo schemes studied in Sec. lll based on NNLO
two-loop calculation, although some important differencesChPT. By looking at either of these two-loop schemes, Figs.
emerge. First, the uncertainties in the phase shifts are smallfrand 7, we realize that there is a clear loss of predictive
at NNLO than at NLO in the threshold region, as one wouldPower; the errors in the two-loop phase shifts are larger than
expect from the fact that threshold parameters are more a¢he discrepancy between their mean value and the one-loop
curately determined at NNLO than at NL@3].8 In the re-  mean value. Finally, in Fig. 13 a partial one-loop fit proce-
gion above threshold the situation is exactly the opposite, thdure inl; and |, parameters to the data is presented, where
two loop calculation produces larger uncertainties than thgariations inl ; and |, are taken into account. The result of
one loop one. In addition, by comparison of Fig. 11 and Figsthe fit is

3 (and 4 in thep channel one sees that the discrepancies in

the region above threshold are larger than the estimated UNT = 0.44+0.02, 1,=551+0.04, r(l;,1,)=—0.81,
certainties, with an overall trend to improvement in the two- (31)

loop calculation. A similar trend, although in a less clear

manner, is observed in the tw®waves. The unitarity con- _— —
where the errors reflect the uncertaintied ynand | ,. Here

X2 per DOF is 191/(67 2)=2.94, almost three times larger
than in the two-loop casgél.11), and too large to be consid-

8This circumstance is not trivial and it happens only for sets Ic d isf d L f1h inal d h
and lll. Set Il of Ref.[23] shows cases where predictive ability in ered a satisfactory description of the scattering data. Such a

2 . . . .
the threshold parameters is lost, and the NNLO result is no mord2'9€ x~ value makes the determination of the uncertainties
accurate than the NLO. of I, andl, due to the error bars in the fitted data meaning-
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[23]. Lower panels: Set Il of Ref.23]. Combined data from Ref§2-10].

less. As we see, the values obtained for the fitted parametetise phase shifts by including or not the higher contribution is
are compatible with the corresponding two-loop partial fitsmall within ChPT. Motivated by this we have unitarized the
procedure, Eq(21), although the errors in the one-loop casetwo-loop amplitude, and devised several schemes to predict
due to uncertainties ih; andl , are much smaller than in the the phase shifts from threshold up to the resonance region.
two-loop case. This may be an indirect consequence of thghe effect of consistently treating or mgl,2345635 higher

large x* value. order is much stronger for the 1AM unitari’z’ed'phase shifts.
Typically, a factor of 2 or more difference in the uncertainties

V. CONCLUSIONS is encountered. In any case, they are rather large, although

they seem consistent with the scattering data. This indicates a

In the present work we have presented a thorough studyjnq of fine-tuning going on, and suggests a it to the data to

of the inverse amplitude method to unitarize the N@e' determine the low energy parameters that remain in the chi-
loop) and NNLO (two-loop) ChPT 7 scattering amplitudes ., iy keeping the remaining low energy parameters

below theKK threshold. To this end, we have consideredyithin their error bars. The result of the fit is satisfactory,

several one-loopl; 34 and two-l00pby 33456 Parameter 40,9k a discrepancy appears in thecoefficient. Never-
‘;etst. aI:)nlg f[hte “nf.s d_|sctlr11§sed 'Q_Olt‘rr] prelv 'OLI'S V‘g@gl 1heeless, the predicted partially fitted phase shifts vary within
articuarly interesting in this work is the role piayed by every small uncertainties, not far from the recent ChPT analy-

uncertainties in these parameters. To complement the analgis of the Roy equations carried out in RE42]. Despite
SIS and prpw_de some quantitative motivation we ha_we denart“hese features, the IAM produces crossing violations, which
mined unitarity violations within standard ChPT, with error | "\ o quéntified in terms of Roskies sum rules ’Gener-
est_ltmitesl_. T_Pey taketplal\c/le at much Iov;ger enelrgleshthan théﬁ‘ly speaking, they are not very large in percentage terms,
:;étaerrln)gtign:jisscurg%(;csy wi?rze(t)r:/eer’d;\tlz ina\':ﬁearz(;ign og\énovaglthough in some cases the uncertainties are so large that no
; : ; . ._tonclusion can be drawn. We have also studied some propos-
threshold if phase shifts are defined perturbatively. The dis Prop

o licated by the fact that the two-l als to generalize the 1AM in order to achieve a better satis-
cussion 1s complicated by the tact that the two-l00p paramy, i of crossing properties. Finally, we have addressed the

etersby , 3.456may be split into a zeroth order contribution convergence of an expansion based on the IAM and increas-

14659,

H;23456and a higher order contributiahgl23456 which  ing order of approximation in ChPT. By comparing NLO

yyyyyyyyyy

slightly spoils the chiral counting. The difference caused in(one-loop and NNLO(two-loop) IAM predicted phase shifts
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we see at the present stage a lack of predictive power; thil.P.V. was done in part with a grant under the auspices of
errors in the two-loop phase shift are larger than the differthe Junta de Andalua!

ence between the central one-loop and two-loop values. This
is a direct consequence of the low accuracy in the two-loop APPENDIX: CORRELATIONS AMONG NEXT-TO-NEXT-

TO-LEADING ORDER LOW ENERGY CONSTANTS
AND THRESHOLD PARAMETERS IN STANDARD CHIRAL
PERTURBATION THEORY

parameters.
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¢; being any of the low energy constants or threshold param-
eters, is provided below as obtained from ds= 10* finite

size samples for both set Ic and set Ill. Taking into account
the central values and their errors given in Tables Il and VI
and ignoring the slight error asymmetries, the parameter sets
are fully general by going through diagonalization to the
principal axis in parameter space and making a Monte Carlo
Gaussian simulation in each principal direction.

Set Ic
+1.00 )
—-0.49 +1.00 (A2)
—-0.41 +0.10 +1.00
—0.54 +0.23 +0.57 +1.00
azo boo b1q b2o
+1.00
+0.37 +1.00 (A3)
—-0.07 —0.10 +1.00
+0.57 +0.38 +0.11 +1.00
Set Il
+1.00
—0.14 +1.00 (A4)
—-0.19 +0.21 +1.00
—-0.29 +0.19 +0.47 +1.00
ayo boo by b2
+1.00
+0.55 +1.00 (A5)
—-0.23 —-0.18 +1.00
+0.71 +059 -0.21 +1.00
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